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Abstract
In this work, we calculate the quasi-normal frequencies from a bumble-
bee traversable wormhole. The bumblebee wormhole model is based on the
bumblebee gravity, which exhibits a spontaneous Lorentz symmetry break-
ing. Supporting by the Lorentz violation parameter λ, this model allows the
fulfillment of the flare-out and energy conditions, granted non-exotic matter
to the wormhole. We analyze the parameters of bumblebee wormhole in or-
der to obtain a Reege-Wheeler’s equation with a bell-shaped potential. We
obtain the quasi-normal modes (QNMs) via the WKB approximation method
for both scalar and gravitational perturbations. All frequencies obtained are
stable and the time domain profiles have decreasing oscillation (damping)
profiles for the bumblebee wormhole.
Keywords: Gravitational Waves; Wormholes; Quasi-normal Modes;
Reege-Wheeler’s Potential.
1. Introduction
Wormholes are solutions of Einstein equation denoted by tunnels that
connect two different regions of spacetime [1, 2]. The first conception of such
structures comes from 1935 by the Einstein-Rosen bridge [1], being the term
wormhole later adopted by Misner and Wheeler in 1957 [2]. Unlike black
holes, wormholes have no horizon, and it can be traversable depending on
some conditions at the wormhole throat [3–6].
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In a very recently work, Bueno et al. [8] present wormholes as a model
for a class of exotic compact objects (ECOs). As a matter of fact, in the
context of gravitational waves and its detections [7], wormholes would be dis-
tinguished from black holes due to its features of ECOs, which can exhibit
two bumps, instead of the usual single bump characteristic of black holes
[8]. On the other hand, traversable wormholes violate the null convergence
condition (NCC) close at the throat, which leads to a violation of the null en-
ergy condition (NEC) [9, 10]. Hence, in the context of the usual formulation
of Einstein-Hilbert General Relativity, traversable wormholes need an exotic
matter source [10–13]. However, recently some approaches were proposed in
order to avoid such exotic matter by the modification of the gravity, namely,
with the wormhole in a Born-Infeld gravity [10], in the f(R) theories [11],
in the framework of Gauss-Bonnet [12] and considering the wormhole in the
bumblebee gravity scenario [14].
The so-called bumblebee model was developed from the string theory,
which a spontaneous Lorentz symmetry breaking (LSB) was verified [15].
Such violations imply in the conception of the so-called Standard Model
Extension (SME) [16, 17]. Recently, a Schwarzschild-like solution on a bum-
blebee gravity was proposed in Ref. [18], where the Lorentz violation pa-
rameter is upper-bounded by the Shapiro’s time delay of light. Moreover,
a traversable wormhole solution in the framework of the bumblebee gravity
was proposed by O¨vgu¨n et al. [14]. In this bumblebee wormhole, the Lorentz
violation parameter can support a normal matter source. At the limit of van-
ishing LSB, the deflection of light in this model becomes the same of the Ellis
wormhole [19].
In this letter, we calculate the quasi-normal modes (QNMs) and time do-
main profiles for scalar and gravitational perturbations in the O¨vgu¨n bumble-
bee wormhole [14]. We obtain a range over the Lorentz violation parameter
λ that satisfies to all flare-out and energy conditions. Furthermore, we also
choose suitable LSB parameter that performs stable quasi-normal modes with
a decreasing time-domain profile.
The paper is organized as follows. In Sec 2, the O¨vgu¨n bumblebee worm-
hole is reviewed. In Sec 3, the energy conditions and the flare-out conditions
are analyzed by the LSB parameter. As a matter of fact, here we obtain a
tranversable non-exotic wormhole. In subsection 3.1, we introduce the change
of variable to obtain the Regge-Wheeler equation [20]. In Sec 4, we describe
the Regge-Wheeler equation for the scalar and tensorial perturbations in the
bumblebee wormhole, where we made a suitable choice of parameters to ob-
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tain an exact bell-shaped Regge-Wheeler potential. In subsection 4.1, the
quasi-normal frequencies were computed by the third-order WKB method
[21] and the damping time-domain profile was evaluated for both scalar and
tensorial perturbations. In Sec 5, we present our last discussions and sum-
marize our results.
2. Bumblebee wormhole
In this section, we review the exact solution of bumblebee wormhole pre-
sented in Ref. [14]. Let us start with the following bumblebee action
SB =
∫
dx4
√−g
[
R
2κ +
1
2κξB
µBνRµν − 14BµνB
µν − V (BµBµ ± b2)
]
+
∫
dx4Lm,
(1)
where Bµ represents the bumblebee vector field, the Bµν = ∂µBν−∂νBµ is the
bumblebee field strength, and the ξ is the non-minimal curvature coupling
constant. For the vacuum solutions V (BµBµ ∓ b2) = 0, we have that b2 =
±BµBµ = ±bµbµ is the non-null vector norm associated to the vacuum
expectation value 〈Bµ〉 = bµ [14, 17]. The scalar curvature is denoted by R,
g is the metric determinant and κ the gravitational constant.
The energy-momentum tensor is modified by the bumblebee field in the
following form [14, 18]:
Rµν − κG
[
TMµν + TBµν −
1
2gµν
(
TM + TB
)]
= 0, (2)
where TM = gµνTMµν and the bumblebee energy-momentum tensor TBµν reads
TBµν = −BµαBαν −
1
4BαβB
αβgµν − V gµν + 2V ′BµBν+
+ ξ
κ
[1
2B
αBβRαβgµν −BµBαRαν −BνBαRαµ+
+12∇α∇µ(B
αBν)− 12∇
2(BµBν)+
−12gµν∇α∇β(B
αBβ)
]
. (3)
The modified Einstein equation in Eq. (2) with the energy-momentum
3
tensor in Eq. (3) can be explicited as
Einsteinµν = Rµν − κ
(
TMµν −
1
2gµνT
M
)
− κTBµν − 2κgµνV+
+κBαBαgµνV ′ − ξ4gµν∇
2(BαBα)+
−ξ2gµν∇α∇β(B
αBβ) = 0. (4)
At this point, the authors of Ref. [14] choose a static and spherically
symmetric traversable wormhole solution in the following form [5, 14]
ds2 = e2Λdt2 − dr
2
1− b(r)
r
− r2dθ2 − r2 sin2 θdφ2, (5)
where the red-shift function is made null (Λ = 0) and the bumblebee vector
bµ is set to be correlated to the wormhole shape function b(r) as following
[14]
bµ =
0,√ a
1− b(r)
r
, 0, 0
 , (6)
where a is a positive constant associated with the Lorentz violation term.
Besides, following the reference [14], the isotropic energy–momentum ten-
sor can be decomposed as a perfect fluid (T µν )M = (ρ,−P,−P,−P ) where
P = wρ, (7)
assuming ρ ≥ 0. The −13 < w ≤ 1 is a dimensionless constant responsible to
hold the energy conditions.
Substituting the wormhole metric Eq. (5) into Einstein equation (4), we
have the following new Einstein equations with the b(r) and w dependence
Einsteintt = −κρr3 (1 + 3w) + λrb˙(r)− λb(r) = 0, (8)
Einsteinrr = κρr3 (w − 1) + (2 + 3λ) rb˙− (2 + 3λ) b(r) = 0, (9)
Einsteinθθ = κρr3 (w − 1) + rb˙(r) + (2λ+ 1) b(r)− 2λr = 0, (10)
where λ = aξ is defined as the Lorentz symmetry breaking (LSB) parameter
and the dot denotes derivative with respect to the coordinate r.
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The energy density ρ can be obtained from the system of equations
(8− 10). By solving directly ρ from Eq. (8) we obtain:
ρ =
λ
(
rb˙(r)− b(r)
)
κr3(1 + 3w) . (11)
Moreover, b(r) can be found by multiplying (w − 1) by Eq. (8) and
summing with (1 + 3w) multiplied by Eq. (10). Additionally, the condition
at wormhole throat b(r0) = r0 leads to the solutions
b(r) = λr
λ+ 1 +
r0
λ+ 1
(
r0
r
)γ
, (12)
where γ(w, λ) = λ(5w+3)+3w+1
λ(w−1)+3w+1 .
The derivative b˙(r) can explicitly be obtained as
b˙(r) = λ
λ+ 1
[
1− γ
(
r0
r
)γ+1]
. (13)
Finally, from Eq. (12) and Eq. (13), the energy-density of Eq. (11) can
be found in the form
ρ(r) = − 2λr
γ+1
0 r
−(γ+3)
κ (λ(w − 1) + 3w + 1) (14)
In next section, we analyze the parameters λ and w in order to obtain a
special case of the O¨vgu¨n wormhole, where all energy conditions and flare-
out holds. Moreover, we will also set these parameters in order to obtain a
Regge-Wheeler potential with a bell-shaped curve.
3. Energy conditions and flare-out
In this section we analyze the conditions imposed in the wormhole. We
summarize the conditions in Table 1. The NEC is the Null energy condition,
WEC is the Weak energy conditions, SEC is the Strong energy condition,
DEC is the Dominant energy conditions, and FOC is the flare-out condition.
In order to bound the w parameter, lets us assume that ρ ≥ 0. Once that
P = wρ the DEC holds for ρ ≥ |wρ| so −1 ≤ w ≤ 1. On the other hand,
5
NEC WEC SEC DEC FOC
P + ρ ≥ 0 ρ ≥ 0 and NEC ρ+ 3P ≥ 0 and NEC ρ ≥ |P | b˙(r) < 1
Table 1: Energy and flare-out condition.
the SEC is verified for (1 + 3w) ρ ≥ 0 so w ≤ −13 . The NEC is expressed as
(1 + w)ρ ≥ 0, so w ≥ −1. Hence in order to obey NEC, SEC and DEC, the
w parameter is must be such that
−13 < w ≤ 1. (15)
From now on, we set κ = r0 = 1. The energy (14) is positive when
λ > 3w+1
w−1 and it vanishes when r → ∞ for γ > 3. The region where the
conditions are valid is showed in Fig. 1, being all energy condition satisfied
in the dark region.
-1/3
Figure 1: Representation of the region where the energy conditions are satisfied. In the
dark region, all energy conditions hold. In the gray region, only the WEC is secured.
On the other hand, the flare-out condition (FOC) is necessary to maintain
the structure of the wormhole traversable [3, 5, 14, 22]. The FOC can be
written as
b(r)− r ≤ 0 and r b˙(r)− b(r) < 0 ⇒ b˙(r) < 1. (16)
Considering the equation (13), the FOC is satisfied for γ > 0 if λ > 0 and
r > r0. For the vanishing of energy (14) when r → ∞, it is necessary that
γ > −3. So, the FOC is always obeyed when the energy (14) goes to zero at
infinity.
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3.1. Tortoise coordinates and the energy and flare-out conditions
In section 4, we will obtain the Regge-Wheeler equation for the O¨vgu¨n
bumblebee wormhole. For this goal, a transformation to the radial variable r
into a new variable x (tortoise coordinate) is required. This transformation,
for Λ = 0, is given by following the integral[23, 24]
x =
∫
dr
1√
1− b(r)
r
. (17)
To obtain an analytical function into x coordinate, we choose w = −1
and r0 = 1, which transform the shape-function of Eq. (12) into
b(r) = αr + β
r
, (18)
where α = λ
λ+1 and β =
1
λ+1 = (1− α).
Hence, by solving Eq. (17) with the of Eq. (18), the tortoise coordinate
can be expressed as
x = β−1
√
β (r2 − 1) ⇒ r =
√
βx2 + 1. (19)
For this particular choice of w = −1, the SEC is violated. However, the
energy of Eq. (14) becomes ρ(r, λ) = λ2
λ+1r
−4 which is positive when λ > −1,
as can be seen in Fig. 2. So the DEC, NEC and WEC still hold. The FOC
obtained by b˙(r) of Eq. (18) reads λ(λ+1) − r
−2
(λ+1) < 1, which it is still valid for
λ > −1, as also can be seen in Fig. 2.
Furthermore, in the section 4 we need to set a value for the λ to compute
the quasi-normal modes. For a qualitative analysis, let us choose λ = 1.
The Fig. 3 shows the energy density ρ(r), the shape-function b(r) and its
derivative b˙(r) with w = −1 and λ = 1 fixed. Therefore, we note that, except
the SEC, all other conditions above mentioned are satisfied.
4. Regge-Wheeler equation and quasi-normal modes
In this section, we obtain the wave equation for the bumblebee worm-
hole. Let us consider an external perturbation, ignoring the back-reaction,
and following all detailed linearization procedure for the scalar and the axial
7
Figure 2: The energy density ρ(r) is always positive for w = −1 and λ > 1 (left panel).
The flare-out conditions is always verified for w = −1 and λ > 0 (right panel).
b(r)
b

(r)
ρ(r)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
-2
0
2
4
6
r
Figure 3: Plot of the shape-function b(r), its derivative b˙(r) and the energy density ρ(r),
with w = −1 and λ = 1. The gray straight lines y = 0 and y = 1 help us to verify the
WEC and the FOC, respectively.
gravitational perturbations of the references [23–27]. By considering a sta-
tionary solutions in the form Ψ(x, t) = ϕ(x) e−iωt, a simplified version of the
so-called Regge-Wheeler equation can be represented by [20, 28, 29](
d2
dx2
+ ω2 − V (r, l)
)
ϕ(x) = 0, (20)
where ϕ(x) is the wave function (for the scalar or gravitational perturbations)
with x tortoise coordinate (19), ω is the frequency and V (r, l) is the Regge-
Wheeler potential where l is the azimuthal quantum number, related to the
angular momentum.
For the scalar perturbations, the Regge-Wheeler potential V (r, l) reads
8
[23, 26]
Vs(r, l) = e2Λ
[
l (l + 1)
r2
− b˙r − b2r3 +
1
r
(
1− b
r
)
Λ˙
]
. (21)
Since that Λ = 0, by substituting the b(r) (18) into potential (21), the
Vs(r, l) = l(l+1)r2 +
β
r4 into x coordinate (19) becomes
Vs(x, l) =
l(l + 1)(
x2
λ+1 + 1
) + ( 1
λ+ 1
)(
x2
λ+ 1 + 1
)−2
. (22)
Similarly, for the axial gravitational perturbations, the Regge-Wheeler
potential V (r, l) reads [25, 26, 29–31]
Vg(r, l) = e2Λ
[
l (l + 1)
r2
+ b˙r − 5b2r3 +
1
r
(
1− b
r
)
Λ˙
]
. (23)
With b(r) given by Eq. (18), the Vg(r, l) = l(l+1)−2αr2 − 3βr4 into x coordinate
(19) becomes
Vg(x, l) =
(
l(l + 1)− 2 λ
λ+ 1
)(
x2
λ+ 1 + 1
)−1
− 3
λ+ 1
(
x2
λ+ 1 + 1
)−2
.
(24)
The Fig. 4 shows the plots of the scalar potential of Eq. (22) and grav-
itational potential of Eq. (24). Note that both potentials are symmetric
bell-shaped potentials centered at the origin. The increasing of the angular
momentum increases the peaks of potentials. For the scalar perturbation all
potentials are repulsive. However, for the tensorial perturbation the first two
values of l lead to attractive potentials. The height of peaks changes the
behavior of quasi-normal modes, as will be discussed in the next subsection.
4.1. Quasi-normal modes and the time-domain
To compute the quasi-normal modes (QNMs) of Regge-Wheeler equation
(20) we apply the semianalytic method of the third-order WKB approxi-
mation presented in Ref. [21]. This method requires a positive bell-shaped
potential [21]. Hence we impose l ≥ 2 for the tensorial perturbations.
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Figure 4: The scalar (left) and gravitational (right) potentials of Regge-Wheeler equation
for some l parameters and λ = 1.
Briefly, the QNMs can be found from the formula [21, 27, 32]
i(ω2n − V0)√
−2V¨0
−
6∑
i=2
Λi = n+
1
2 , (25)
where V¨0 is the second derivative of the potential on the maximum x0, Λi are
constant coefficients, and n denotes the number of modes.
As a result, the quasi-normal modes for the scalar perturbations are writ-
ten in Table 2. Note that for lower l, larger n can be unstable (denoted by
—, which were excluded due the positive imaginary part). This fact can be
correlated to the small peaks of the scalar potential in Fig. 4.
ωn l = 0 l = 1 l = 2 l = 3
n = 0 ±0.428623− 0.496200 i ±1.481593− 0.364167 i ±2.495248− 0.357844 i ±3.498181− 0.355942 i
n = 1 ±0.335244− 1.557205 i ±1.283774− 1.155671 i ±2.382690− 1.089103 i ±3.421610− 1.074500 i
n = 2 ±0.184733− 2.616606 i ±0.990627− 2.041774 i ±2.175852− 1.859450 i ±3.274020− 1.811550 i
n = 3 — ±0.634513− 2.973230 i ±1.898997− 2.674104 i ±3.064840− 2.574650 i
n = 4 — ±0.204691− 3.93439 i ±1.56697− 3.52542 i ±2.80408− 3.36589 i
n = 5 — — ±1.18406− 4.40578 i ±2.49918− 4.18339 i
Table 2: QNMs for the scalar perturbations (22) with w = −1, κ = r0 = λ = 1 and some
l.
.
Similarly, the quasi-normal modes for the gravitational perturbations are
written in Table 3. We start with l = 3, to guarantee positive potentials.
Note that all quasi-normal modes are stable presenting no positive imaginary
part.
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ωn l = 3 l = 4 l = 5
n = 0 ±3.04939− 0.321674 i ±4.156050− 0.335541 i ±5.221450− 0.341988 i
n = 1 ±2.987810− 0.974895 i ±4.101510− 1.010760 i ±5.175990− 1.028450 i
n = 2 ±2.876140− 1.653210 i ±3.995510− 1.697660 i ±5.086450− 1.722130 i
n = 3 ±2.730760− 2.360980 i ±3.843440− 2.401700 i ±4.955440− 2.427030 i
n = 4 ±2.563960− 3.092900 i ±3.65168− 3.12544 i ±4.78639− 3.146020 i
n = 5 ±2.380520− 3.840940 i ±3.425930− 3.868780 i ±4.583050− 3.880670 i
Table 3: QNMs for the gravitational perturbations (24) with w = −1, κ = r0 = λ = 1 and
some l.
.
Moreover, Fig. 5 shows the points of QNMs Tables 2 and 3. Note that
all modes have smooth curves where the increase of l increases the real part
of each mode. The increasing of the number of modes n can leads to QNMs
instabilities.
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Figure 5: Plot of QNMs for scalar (left) and gravitational (right) perturbations with λ = 1.
Besides, in Fig. 6, the time-domain of bumblebee wormhole is evaluated
by the Gundlach’s method [33]. Note that both perturbation exhibits damp-
ing profiles, being the decreasing of scalar modes slower than the gravitational
modes. The l parameter faster the decay of these solutions.
5. Conclusions
In this work, we study the bumblebee wormhole. This scenario has a
Lorentz violation parameter λ, which allows the preservation of energy con-
ditions, leading to a wormhole generated by non-exotic matter [14]. We study
the possible choices of the parameters λ and w (associated to the relation
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Figure 6: Time-domain log10(ϕ(t)) for the scalar (left) and the gravitational (right) per-
turbations with λ = 1.
P = wρ) that satisfies the flare-out and the energy conditions, as shown in
Fig. 1. In order to achieve an analytical and simplified tortoise coordinates
transformation of Eq. 19, we renounce the SEC condition. However, all the
other ones, namely, NEC, WEC, DEC and FOC remain valid.
Moreover, the scalar and tensorial perturbation of bumblebee wormhole
were obtained. We use the general expressions for the scalar and gravitational
potential. Both the potentials admit positive bell-shaped (see Fig. 4). Hence
we evaluate the quasi-normal frequencies for both perturbations. The QNMs
are stable (as denoted in Tables 2 and 3), and exhibits smooth curves (see
Fig. 5). Besides, we compute the time-domain profile for both perturbations
in Fig. 6, from where we note that all QNMs studied perform damping
oscillation profiles.
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